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Abstract 



Suppose that a G (0, 2) and that X is an a-stable-hke process on R''. Let F be a function 
on R'^ belonging to the class Jd,a (see Introduction) and be J2s<t ^i-^s-, Xg), t > 0, a 
discontinuous additive functional of X. With neither F nor X being symmetric, under certain 
conditions, we show that the Feynman-Kac semigroup {Sf '■ t > 0} defined by 

S[f{x)=E4e-^^f{Xt)) 
has a density q and that there exist positive constants Ci, C2, C3 and C4 such that 
/ j_ \ / j_ \ 



\x~y\J y \x-y\J 

for all {t, X, y) G (0, cx)) x x E^. 
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1 Introduction 



Suppose X = {Xt,Ft) is a Hunt process on M*^ with a Levy system (A^, H) given hy Ht = t and 

N{x,dy) = 2C{x,y)\x -y\-^'^+'^^m{dy), 

where m is a measure on M'^ given by m(dx) = M{x)dx with M{x) bounded between two positive 
numbers. That is for any nonnegative function / on M'^ x vanishing on the diagonal 

\s<t I -^0 JR-i \Xs-y\ 

for every x € M'* and t > 0. 

We introduce a-stable-hke processes as fohows. 

Definition 1.1 We say that X is an a-stable-like process ifC{x,y) is bounded. 

In this paper, we assume that X admits a transition density p{t, x, y) with respect to m and 
p{t, X, y) is jointly continuously on (0, oo) X M*^ X R'' and satisfies the condition 

(j_ \ d+a / j_ \ d+a 

1 A , ^" , I <p(t,x,y) < M2t-^ I I A , ^" , I , V(t, X, z) G (0, oo) X M'^ X M*^, 
\x-y\J y \x-y\J 

(I.I) 

where Mi and M2 are positive constants. 

Here we do not assume that X is symmetric. When X is symmetric, it is called a symmetric 
a-stable-like process, which was introduced in [3], where a symmetric Hunt process is associated 
with a regular Dirichlet form and thus Dirichlet form method can be applied. It was also shown in 
[3] that the transition densities of symmetric a-stable-like processes satisfy (I.I). 

We list some examples which are a-stable-like processes and satisfy (I.I). For one dimensional 
strictly a-stable processes with Levy measure v concentrated neither on (0, 00) nor on (— oo,0), 
the Levy measure v{dx) = cix~^^°'dx on (0,oo) and u^dx) = C2X~^~'^dx on (— oo,0) with ci > 
and C2 > 0, which implies C{x,y) in the Levy system as above is bounded between two positive 
numbers. We set c = ci + C2 and /3 = (ci - C2)/(ci + C2). Let p = (I /3)/2 or = (I - /3^)/2, 
according to a < I or > I. Without loss of generality, we can fix the parameter c and assume that 
c equals cos(^^^), ^ or cos(7r/3^^) for a < I, = I, or > I, respectively. [4] gave the following 
estimates for the continuous transition density p(t, 0, x), which equals t~^/"p(1, 0, i~"^/"x): 

I. When X 00, 

p(I,0,x) ~ -r(a + I)(sin(7rpa))x-''"\ if a/ I, 
vr 

p(I,0,x) ~ ifa = I, 
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2. When x ^ 0, 

p{l,0,x) — > — r(l/a + l)(sm7ra), if a / 1, 
vr 

p{l,0,x) ^ -bi, if a = 1, /? > 0, 
vr 

where 6i is a positive constant. 

See (14.37), (14.30), (14.33) and (14.32) in [4J for details. It is clear that the dual process 
of the one dimensional strictly a-stable process has the transition density p{t,0, —x). Thus 
applying the above estimates to p{t,0, —x), we get 

3. When x — > —oo, 

p{l,0,x) ~ -r(a + l)(sin(7r/)a))|xl"""\ if a / 1, 
vr 

1 + /3 

p{l,0,x) ~ — - — if a = 1. 

4. When x ^ 0, 

p{l, 0, x) -bi, if a = 1, /3 < 0, 
vr 

where 6i is a positive constant. 

One dimensional strictly a-stable process with a = 1 and /? = is a Cauchy process with drift 
0. It is easy to see that when x — > 0, p{l,0,x) — > a positive constant. 

[4j also pointed out that p{t, 0, x) is positive when the Levy measure is concentrated neither 
on (0,oo) nor on (— oo,0). 

Therefore when the Levy measure is concentrated neither on (0, oo) nor on (— cxd,0), the 
transition density p satisfies (1.1). 

For higher dimensions, [7] considered a large class of nonsymmetric strictly a-stable processes 
with < a < 2, which has Levy measure z/ satisfying 



,{B) = / \{di) / li3(re)r-(^+°)dr 
Js Jo 



for every Borel set B in M*^, where A is a finite measure on the unit sphere = {x € M'^ : |x| = 1} 
and is called the spherical part of the Levy measure i^. A is assumed to have a density (j) : S ^ {0, oo) 
such that 

(/) = ^ and K < < K-^, G S, 
da 

where a is the surface measure on the unit sphere and k > is a positive constant. The assumption 
on (p implies the transition density p(t, 0, x) > for all t > and all x G M*^. It is known that 
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p{l,0,x) is uniformly bounded in x G M.'^. [7] pointed out that the Levy measure u has a density 
f{x) = (j){x/\x\)\x\~^^~^'^^ with respect to the d-dimensional Lebesgue measure, and 

for every x G R"^ \ {0}. Then the transition density p{t, 0, x) of the processes satisfy 

p{t,0,x) <Ct-^, xGM"', t>0, 

and 

p{t,0,x) <Ct\x\-^''+'^\ xeR'^XiO}, t>0, 
where C is a positive constant. See (2.6) and (2.7) in [7J for these two inequahties. Thus we have 

(j_ \ d+a 
1 A , ^" , I , xGM'^, t>0. (1.2) 
\x-y\ J 

(2.12) in [7] gave the following estimate, 

< p(i,o,x) < C'|xr("+'^), for large x, 
where c is a positive constant and C is the same constant as above. This implies that 
c|t-^xr("+'^) < p(l,0,i-^x) < C\t-^x\-'^"+'^\ for large t'^x. 

Thus 

ct"«|t"^x|"("+'^) < t~«p(l,0,t"«x) =p(t,0,x), for large (1.3) 

For small t~ax, since p{l,0,x) is positive and continuous in x € M'^, there exists a positive 
constant cq such that 

Co < p{l,0,t -x), 

which implies 

CQt a <t Qp(l,0,f «x) = p(t, 0, x), for smalH qx. (1-4) 

Combining (1.2), (1.3) and (1.4), we can see that the transition density p satisfies (1.1). It is 
clear that C{x,y) = (/>( |^.~^| )|x — is bounded between two positive numbers. 

We say that a function V on M°' belongs to the Kato class Kd^Q, if 

lim sup / / p{s,x,y)\V{y)\dyds = 0, 
^J-O xeIRd Jo JR'i 

and we say that a signed measure /i on M'^ belongs to the Kato class Kd,a if 

lim sup / / p{s,x,y)\fi\{dy)ds = 0. 
*io xgM'' Jo Jm."^ 



Suppose F is a function on x 



pd 



Definition 1.2 We say F belongs to Jd,a if F is bounded, vanishing on the diagonal, and the 
function 



belongs to Kd,a. 

For any F G Jd,a, we set 



f \F{x,y)\ 
hd \x - y\d+'^ 



Af = Y,F[Xs-,X,), t>0. 



s<t 

We can define a non-local Feynman-Kac semigroup as follows 

5f/(x)=E,(e-^f/(Xt)), 

where / is a measurable function on M^. This semigroup was studied in [5] and [2]. 

Let F{x,y) = F{y,x), for any {x,y) E M'' x M*^. In this paper, we always assume both F and 

F £ Jd,a- 

Recently, sharp two-sided estimates of the density of the semigroup {S[ , t > 0} were established 
in [6]. Under the assumption that X is a symmetric a-stable-like process, using a martingale 
argument and results from [2|, the following result was established in [6]: Suppose that F € Jd,a 
is a symmetric function, the semigroup {Sfjt > 0} admits a density q{t,x,y) with respect to m 
and that q is jointly continuous on (0, oo) X R'' X W^. Furthermore, there exist positive constants 
Ci , C2 , C3 and C4 such that 

\ d+a / j_ \ d+a 

1 A < qit, X, y) < Ce^'^H-^ 1 A 

\x-y\J y \x-y\J 

for all (t, X, y) G (0, 00) x M'^ x W^. 

The question that we are going to address in this paper is the following : can we establish 
the same two-sided estimates for the density of the Feynman-Kac semigroup of nonsymmetric a- 
stable-like process X when F € Jd,o is nonsymmetric. The proof of the above result in |6j can 
not be adapted to the case where neither F nor X is symmetric. It seems that, to answer the 
question, one has to use some new ideas. In this paper, we are going to tackle the question above 
by combining the generalization of an idea of [Ij, which was used to deal with the estimates of the 
density of continuous functionals of Brownian motion, with some results on discontinuous additive 
functionals. 

The content of this paper is organized as follows. In section 2, we present some preliminary 
results on discontinuous additive functionals. In section 3, we establish the two-sided estimates on 
the density of Feynman-Kac semigroup under certain assumptions of F{x,y). 
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2 Preliminary Results on Discontinuous Additive Functionals 

For convenience, we use At to denote "^^^^ F{Xs-, Xg) instead of A[. We have the foUowing 

Al = 2 f A, dAs - f F{Xs-,Xs) dAs, 
Jo Jo 



formulae for A^. 



and 



Al = 2 f {At - As) dAs + / F{Xs-,Xs) dAs. 
Jo Jo 



The proof is straight forward. 

In general, the formulae for A^ are given by the following theorem. 

Theorem 2.1 



= Cl f ' dAs - Cl f Ar^F{Xs-,Xs) dAs + /* Ar^F^{Xs-,Xs) dAs + ■ ■ ■ 
Jo Jo Jo 

+{-iy-^Ci [ A^-'F'-\Xs-,Xs)dAs + --- + {-\r-^C^ f F^-\Xs-,Xs)dAs, 
Jo Jo 

A^ = Cl fiAt-AsT-UAs + Cl l\At-AsT-^F{Xs-,Xs)dAs 
Jo Jo 

+Cl ['{At - Asr-^F^{Xs-,Xs) dAs + --- + Ci, ['{At - X,) dAs 

Jo Jo 

+ --- + C:i [' F^-\Xs-,Xs)dAs, 
Jo 



where 



n! 



i\{n — iy. 



Proof. We use induction to show these two formulae for Af hold for all n > 1. It is clear that 
they arc true for n = 2. Suppose they hold for n < m — 1, we show they hold for n = m. 
It follows from the integration by parts formula, 

ft ft 



A'P= [ / A'^'-UAs 

Jo Jo 
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where 



thus 



im— 1 



fAs-dAf-^ 
Jo 

= [ {A,-F{Xs-,Xs))dA^-' 
Jo 

= I A^dA^-^- I F{Xs-,X,)dA: 
Jo Jo 

= / As{^{-iy-'ci^_,AT-'-'r-\x,_,xsdAs 

•^0 i=l 

- / F{Xs-,Xs){Y.{-iy-^Cl_,Af-^-^F^-\Xs-,Xs)dAs 
Jo ,=1 

( by the first formula for A" when n = m — 1 ) 

m-l „t 

= Y.^-ir'Cl^.J A^-^r-\Xs-,Xs)dAs 

i=l Jo 

m-l „t 

Y.{-iy-'Cl_, / A^-^-^F^{X,^,Xs)dA, 

m-l „( 

Y.{-ir^Cl_^ / AT'F'-\Xs-,X,)dAs 

i=i 

m .t 

^^(-ir^Ctli / Af-'F'-\X,_,Xs)dAs 

TTr, Jo 



i=2 

( let j = i - 1) 

m— 1 



Y.{-ir\Cl_,+C'-l,) / Af-^F^-\Xs-.Xs)dA, 

i=2 Jo 

+Cla-i f AT-'dA-{-ir-^ f F^-\Xs-,Xs)dA, 
Jo Jo 

m-l „t 
i=2 Jo 

+Cm-i f Af-UAs-{-ir f F^-\X,_,Xs)dA, 
Jo Jo 



{hjc:^_, + &-\ = ci^y 



pt i-t ft 

/ As-dA^-^+ / AT^dAs = y^{-iy-^Cl / Ar'F'-\Xs-,Xs)dAs, 
Jo Jo j^^-^ Jo 



i.e. the first formula for A^ holds for n=m. 



Now we go to the second formula for Af, for n = m. 

fiAt-Asr-UAs 
Jo 

m— 1 

m-1 ,.t 
— ST' ( (~<l r^i Ai / A"^^^~^ r1 A 

m— 1 „f 

= Y.^-ir-'-'^ln{m-i)A^t Af-^-'dA, 
TTn Jo 



where 



and 



=0 



m-1 „t 

= ^i-ir-'-^Ci^Aliim-i) AT-'-'dAs) 
i=o 

m—l „i m—i 



III/ — J. /ij III/ — (< 

/ Y,{-^fci_,A^-'-^F^-\x,_,x,)dA,) 

1=0 •'^ fe=2 

( by the first formula for A" when n = m — i) 

m— 1 



1=0 

„t m—l m—i 



+ / ^{-ir-'-'J2(-^)'cLC^_,AiAT-'-'F'^-\X,_,X,)dA,, 

•'^ 1=0 k=2 



m—l m—l 



m 
t 5 



1=0 i=0 



„4 m—l m—i 
"^0 ^—n 1 — o 



i=0 fc=2 

m m—k 



/I J (ft (ft IT/ 

/ E Y.^-l)'"~'~'~'^^raCin-kAA7-''-'F''-\Xs-,Xs)dAs 

( by ClnC^_i = C^Cl^_j^ and (—1)'" ^ = (—1)™ * ^ ) 

m „i 

VC^(-l)-^ / {At - Asr-^F^-\Xs-,Xs)dAs 
k=2 

m „t 

Y^Cl {At-Asr-^F^-\Xs-,Xs)dAs, 
Jo 



k=2 



8 



therefore 

m „t 



Cl / {At - AsT-^ dAs = AT-y^Cl {At- Asr-^F^-\Xs-,Xs) d^, 
i.e. the second formula of A" holds for n = m. □ 



3 Density of Feynman-Kac Semigroups Given by Discontinuous 
Additive Functionals 

Prom now on we define qo{t, x, y) = p{t, x, y) where p{t, x, y) is the transition density of a-stable-like 
process X and satisfies (1.1). By the second formula for A", we have for any bounded measurable 
function g 



[A^g{Xt)] = J2ci^-if\^t-A,r-'F'-\Xs-,X,)g{Xt)dA,] 
i=i 

= Y.ClMf ^x.{A^li9{Xt-s)) d{Y,F\Xr-,Xr))] 

i=l •'^ r<s 

= jlCl^^f I {^=l9{Xt-s)) m{dy)ds]. 

i=i -^0 •^'K'* 1^ ~y\ 



We define x, z) as follows, 

/ N /"* /" / X / , N /" '2C{w,y)F^{w,y) , x /, n, 

qn{t,x,z) = / p{s,x,w)m{dw) ■ ^j— qn-i{t - s,y,z)m{dy)ds 

^ Jo JRd JRd \w-y\'^+<^ 

Then by induction, we can show that for any n> 

[ qn{t, x, z)g{z) m{dz) = ¥.^[A^g{Xt)] 

JRd. 

and 

^* f 2C{X„y)F'{X„y) 



Jo JRd \Xs - yr+" jRd 

y^^n I [ p{s,x,w)m{dw) I ^^(^' ^^^\}+' I qn-i{t- s,y,z)g{z) 

Jo JRd JRd F - yr^ JRd 



i=l 

■m{dz) m{dy)ds. 
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We assume that there exist positive constants C, L, Mq and M such that \2C{x,y)\ < C, 
\F{x,y)\ < ■§ and < Mo < M(y) < M where m{dy) = M{y)dy. Define F{w,y) = \F{w,y) \ + 
\F{y,tij)\, which is symmetric and satisfies \F{w,y)\ < L . DeHne p{t, x,y) = p{t,x,y) + p{t,y,x). 
Then p{t, x, y) is symmetric and satisfies 

(l_ \ d+a / j_ \ d+a 

lA|^-^j < p{t, X, y) < 2M2ri ( 1 A j , V(t, x, y) G (0, oo) x M'^ x M''. 

Denote (/iRd |ifi^|'i+L dy)dw by n{dw) and let Ct = sup^^j^a f^aPis,x,w) fi{dw)ds. Then 
Ct I as t I 0. It is clear that there exist two positive constants Di and D2 such that Di < 
f^apit, x,y) m{dy) < D2, as p{t,x,y) is comparable to p{t,x,y). Let qQ{t,x,z) = p{s,x,z) and 
define qn{t,x,z) by 

a;, z) = V Q / / p{s,x,w)m{dw) ^q^_i{t - s,y, z)m{dy)ds. 

Jo JRd 7]Rd \w - y|«-t-" 

Wc can sec that \qn{'t^ x,z)\ < q^it, x, z). 

Before we move on to the main results, two lemmas are needed. 

Lemma 3.1 For any two positive constants K <1 and L, there exists a constant Co{K,L) which 
depends on K and L, such that 

T t2 r*~^ T n—l 

, , ...^...^^n-i ^...^ — <Cq{K,L)K'' , for all n > 0. (3.1) 

2! 3! ii n! 

Proof. Use the fact that there exists io > 0, such that 

□ 



Remark 3.2 For any given K and L, we can choose a small to so that for a given constant Mi, 
CtMiCo{K, L) <1 forO<t<to. Thus 

CtMi fi^'^-i+i^'^-2- + i^"-3_ + ... + --pj <CtMiCo{K,L)K'' KK"". 



Lemma 3.3 q^{t,x,y) is symmetric in x and y. 
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Proof. We know that 

lnit,z,x) = y'Cill I p{si,z,wi)m{dwi) I f ^ ^^Vifi gn-i(^ -si,yi,x) m{dyi)dsi 



toil f f p{s^,z,w,)midw^) f f^^^"y;i ; 

■[ P{s2,yi,w2)m{dw2) [ ^^—^^^^^^^^^qn-i i {t-si-S2,y2,x)m{dy2)ds2] 



r-t rt-si rt-si Sfc_i /• /• 

, cr\w2,y2) . 
^' '^'^ K-yi|'^+" ^^^'' ^^'"^'^ K-t/2r" 

~ ^1 ^'fe' ^) dsi--- dskm{dwi) ■ ■ ■ m{dwk) 

■m{dyi) ■ ■■m{dyk)] 

■P{s2,yuw2) ^^^_y^^,^^ ^^^^'^^-^'^^ V.-l/.r- 

■p{t - si Sk,yk,x)dsi - ■ ■ dskm{dwi) ■ ■ ■ m{dwk)m{dyi) ■ ■ ■ m{dyk)\. 



Put t — si — ■ ■ ■ — Sk = si,Sk = §2, ■ ■ ■ ,si = Sk+2-h ■ ■ ■ 1 S2 = Sk- It is easy to see the absolute 
value of the Jacobian of this transformation is 1. Let yk = wi, . . . ,yi = Wk-i+i, . . . ,yi = Wk, Wk = 
yi,...,wi = yk-i+i, ...,wi = yk and jk = ii, • • • ,ji = ik-l+i, ■ ■ ■ Ji = k- 
Thus the above equality becomes 

Ar-i-si Sk-i rt-si Sk-2 ft 
Jo Jo JRd 



ft-Sl Sk-l ft-Sl Sk-2 f'^ f f 

ut,z,x) = ct-''n / ••• / / ••• / 

• , • , , ■ Jo Jo Jo JRd JiRo 



ji+j2-\ hjfc=n 

- . . , CF'\yk,Wk) _,. . . . 

■p{t - si Sk,z,yk)i-^—^i^p{Sk,Wk,yk-\) 

\yk ^fei 

CF''~\yk-i,tnk^i) _ , ^ CF'\m,wi) 

•-p : ^i-^ P{s2,W2,yi)— ^ 1^,^ 

\yk~i - Wk-i r+" \yi - u;i 

•p{si,wi,x) dsk ■ • • dsim{dyk) ' • • 'ni{dyi)m{dwk) • • • m{d'Wi)]. 
Rearranging the components of the integrand and using the fact that F{x,y) and p{t,x,y) are 
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symmetric in x and y, it is easy to see that the above expression for q„,{t, z, x) is equal to x, z). 
□ 

In the proof of the fohowing theorem, we use an idea similar to that used in ^ for Brownian 
motions. 

Theorem 3.4 There exist two positive constants K < 1 and M , and there exists to > such that 
0<t<to, 

q^{t, X, z) < n!Mi^"t-^ , for all n, (3.2) 

and ^ 

/ / qn{s,x, z) fi{dz)ds < CtnlK^ , for all n. (3.3) 
Jo Jr^ 

Proof. It is clear that when n = 0, (3.2) and (3.3) hold. We assume they hold for n < m — 1, and 
consider the case n = m. Writing ^^(t, a;,y) into two terms in the following way: 

q^{t,x,z) = \^Cl^ [ [ p{s,x,w)m{dw) [ ^^,d+l qrn-i{i - s, y, z) m{dy)ds 

Jo Jud JR-i \w - 2/r+" 

+ ^Cm i / v{s,x,w)m{dw) I r^q^_i{t - s,y, z)m{dy)ds. 

J I jRd JRd \W - 2/1'*+" 

Since (3.2) and (3.3) hold for n < m — 1, we have 

y^Cm /" [ p{s,x,w)m{dw) I ^^idl^ Qrn-iit " s, y, z) m{dy)ds 

^ Jo JRd JRd \w - yr^ 

< y"ci,MM^CV-\m-i)lK"'-' (-] II p{s, x,w) fi{dw)ds 
t:1 V2/ Jo JRd 



_ d 
t\''- 



i=i ^ ^ 

Similarly, 

y^C"™ / / p{s,x,w)m{dw) I ^^ia+l qrn-i{t - s, y, z) m{dy)ds 

~[ J\ JRd J^d \w — y\ ^ 

< f^CLMd) " [ [ [ ^"^^dll m{dw)q^_,it - s, y, z) m{dy)ds 

j-^ \2J Jt Jj^dJ^d\w-y\'^+°' 



i=l ^ ^ 2 

/ J. \ — — rt r 



s,y,z) fi{dy)ds 
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1=1 ^ ^ 



( by symmetry, q^_i{t - s, y, z) = Qm-iit - s, z, y) and (3.3) 



CtCi^MM^CV-\m - i)\K^-' - 

i=l ^ ^ 



d 



Therefore, 



m 



i=l 



Let Ml = C. Then by Remark 3.2, we can choose a small to such that for < t < to, 

CjMi f ^ K"'-i—-\ < K"" , for any m . 

Thus 

q^{t,x,y)<m\MK"'t-i, 

i.e. (3.2) holds for n = m. 

Now we show (3.3) holds for n = m. 

nQm{s,x,z) fi{dz)ds 
id 

= [ [ iyZ^m [ [ p{u,x,w)m{dw) I ^^w+l gm-^(g " u,y , z)m{dy)du \ fi{dz)ds. 

Jo JRd \^ Jo jRd JT^d \w - J 

Let s — u = V, we get 

yZ^m / p{u,x,w)m{dw) I |^g^_j('y,y,z)/x(d2;)(ii; m(dy)d'u 




-'R'* 



Ki=l 

= yi^'m / P{u,x,w)[ / g^_j(?;,?/,z)/x(d2;)df ) / ^ -^m{dy)m{dw)du 

^ ^ L ~ ^^^pS m(dy)m(d^)dn 
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= Y.ClCt{m-i)\K^-' f f p{u,x,w) [ ^Lk^m{dy)m{dw)du 
< y^Ci^Ctim - iy.K'^-'CV-V / / p{u,x,w)n{dw)du 



< CtCtM'^Cm\ ( K 



Ti-l 



1=1 



It is clear that for the previous to, when < t < to, 
Thus 

CtCtM Cm\ ^i^"""'— j- < Ctm!i^™, 



• 1 ^• 



I.e. 



□ 



/ / qJys,x,z)n{dz)ds<Ctm\K'^. 
Therefore (3.3) holds for n = m. 

By the above theorem, we have for < t < to, 

OO _ , . CO 

^ n\ ~ 1- K 

n=0 n=0 

Since \qn{t, x, z)\ < q^(t, x, z), is uniformly convergent on [e,to] x M'' x R'^, for 

any e > 0. Let q{t,x,z) = E^=o(-l)"^^^'%r^- Then q{t,x,z) is well defined on (0,to] x M'^ x M'^. 
Thus we have the following properties for z, z), 

Proposition 3.5 (i) J^dq{t,x, z)g{z)'m{dz) = Kxle'"^^ g{Xt)], for any g bounded measurable and 
any t > 0, (ii) J^dq{t,x,y)q{s,y,z)m{dy) = q{t + s,x,z), for any t,s>0. 

In the following, we estimate q{t, x, z) from above and from below. 

It is clear that for any {t,x,y) G (0, oo) x M*^ x W^, there exists a positive constant D2 such 
that Jj^dP{t,x,y)m{dy) < D2. For this D2, the positive constants Mi,L and K <1 given in (1.1), 
Remark 3.2 and Theorem 3.4, and C which is the upper bound of |2C(x,y)|, there exists a large 
enough positive integer k such that ^uCD^ < iMi. 

Now instead of considering 

Qiit,x,z)= / p{s,x,w)m{dw) ^j—p{t-s,y,z)m{dy)ds, 
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we consider 

qi{t,x,z) 



k 



= / / p{s,x,w)m{dw) / I f\j—p{t-s,y,z)m{dy)ds. 

We have the following theorem 

Theorem 3.6 There exists a small ti such that when < t <ti, 

q^^kit, X, z) < ^p{t, X, z), V(a;, z) G R'^' x W^. (3.4) 
Proof. We write qi f.{t,x,z) into two terms 



p{s,x,w)m{dw) / ^-T—p{t-s,y,z)m{dy)ds 

+ 11 p{s,x,w)m{dw) / !^7j—p{t-s,y,z)midy)ds. 



First we look at the first term. There are two cases. 
Case 1. When |x — 2;| < t«, 

p{s,x,w)m{dw) I - 



p{s,x,w)in{dw) / I ^^-j—p{t - s,y,z)m{dy)ds 

< / / p{s,x,w)m{dw) ^^-j—2M2{t - s)~ m{dy)ds 

Jo Jwd Jrci \w - ^1"^+" 

t_ 

< 2M2M^C- / / p{s,x,w){t - s)~^ n{dw)ds 

^ Jo Jr'^ 



< CtM2M'^Cr'2^+^t^i. 
k 



Case 2. When \x - z\ > Let Bi = {y e M'^| \y - z\ > ^\x - z\},B2 = {w e R'^l \w - x\ > 
2''^\x — z\} and = {{w,y) G R'^xM'^l \y - z\ < ^\x — z\, \w — x\ < 2~^x — z\}. On Bs, we have 



15 



\w-y\> il-^-2--2)\x-z\. 

-^ F{w,y) 



p{s,x,w)m{dw) / ^^j—p{t-s,y,z)m{dy)ds 

rl r _ r _ 

< / / p{s,x,w)m{dw) / 1 '^jTr-p{t - s,y,z)lB^{y)m{dy)ds 

r\ r _ f 
+ / p{s,x,w)m{dw) / -j '^^j—p{t-s,y,z)lB2{w)m{dy)ds 

+ / p(s,a;,i«)m(dw;) / '^-T—p{t-s,y,z)lB3{w,y)m{dy)ds 

Jo J^d Jwi F - y\ 

r-, r r ^ZK^) - si 

< ' p{s,x,w)m{dw) L2M2M10'^+°-^ ^ls^(y)dyds 

Jo JRd Jwd F - yr F - ^r^ 

+ /'/ 2M2mV('^+«)- '-^dw p{t-s,y,z)lB,Hdyds 

Jo JRd \x - zr°' jRd F - yr 



jC [ [ p{s,x,w)m{dw) [ ^—^p{t-s,y,z)lB3{w,y) 



(1 - - 2~5)<i+a Jo Ad ' ' JRd\x-z 

■m{dy)ds 
< Ct2M2M^C^10''+" * 



A; |x — 
T 1 ^ 

+ — tCdI. — ^ 

{I - ^ - 2-\)d+oc k |x-2;|<^+° 



(by / p{s,x,w)m{dw) < D2 &B.d I p{t — s , y , z)m{dy) < D2 ) 

Jr'I jRd. 



Since j as t | 0, then for both case 1 and case 2, we can find a small in such that when 
< i < til, 

[-2 f _ f _ 1 

/ / p{s,x,w)m{dw) <^Tj—p{t-s,y,z)m{dy)ds<-p{t,x,z). 

Jo JRd jRd \w - 4 

For the second term of qi^k{t, x, z): 

/ / p{s,x,w)m{dw) / ^-^p{t- s,y,z)m{dy)ds. 

jRd jRd \W - 2/1"^+" 
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Letting t — s = s, the second term becomes 

p{t- s,x,w)m{dw) / 1 ^^^j—p{s,y,z)rn{dy)ds. 




'0 

There are two cases. 

Case a. When |x — 2;| < f«, 




p{t - s,x,w)m{dw) / f^7j—p{s,y,z)m{dy)ds 

< 2M2{t-s)-^m{dw) / I h_p{s,y,z)m{dy)ds 

Jo JRd jRd \w — y\ ^ 

t_ 

< M22m'c\ /' / p{s,y,z){t-s)-i fxidy)ds 

Jo JR'i 



'0 JR'i 
k 



( by symmetry of p{s, y, z)). 

Case b. When \x - z\ > . Let Bi = {y e R'^l \y - z\ > ^\x - z\},B2 = {w e M'^| \w - x\ > 
2~^x — z\} and = {{w,y) eW^x \y - z\ < -^{x — z\, \w — x\ < 2'^\x — z\}. On Bs, we have 
\w-y\> (l-^-2-|)|x-2|. 



'0 JR'i 

< 





2 





p{t - s,x,w)m{dw) / I f\j—p{s,y,z)m{dy)ds 

p{t - s,x,w)m{dw) J^^ 1^ _ ^^^^^ p{s,y,z)lj^^{y)m{dy)ds 

p{t - s, X, w)m{dw) J^^ 1^ _ y^d+a P^^' ^) ('^) rn{dy)ds 

'^ P{w,y) 



■JO 

t 



+ I l^^p{t - s,x,w)m{dw) _ ^^^^^ p{s,y,z) l^^{w,y)m{dy)ds 



Iq jR'i 




p(t-~s,x,w)m{dw) \ L2M2M10'^+-| x^ {y)gyd~s 



f^Ud^a) (t-S ) f C- 

JO ^M" la; — z\' 



+ 11 2M,M^2.('^+") r^^dw J^^ j^^^^^Pis, y, z) Is. (^) dyd~s 



(1- J^-2-5)d+afc Jo 

■m{dy)ds 



p(t- s,x,w)m{dw) I \j--p{s,y,z)lB3{w,y) 
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< Ct2M2M^c|lO'^+" 



k \x — 2;|<i+° 



k \x — 



(1 _ _^ _ 2-5)<i+a A; 2|x-2;|'='+" 

(by / p{t — s,x,w)m{dw) < D2 and / p{s,y, z)m{dy) < -D2 ) 

< Q2M2M'ci(10'^+" + 25('^+"))^-ip3^ + 

Since Ct [ as t i 0, then for both case a and case b, we can find a small ti2 such that when 
< t < ti2, 

fl f _ f _ 1 

/ / p{t - s,x,w)m{dw) ^-T—p{s,y,z)m{dy)ds<-p{t,x,z), 

i.e. _ 

I I p{s,x,w)m{dw) ^r^p{t- s,y,z)m{dy)ds < -p{t,x,z). 

Let ti = min(tii, ^12). Then when <t <ti, 

q^^kit, X, z) < ^p{t, X, z), V(x, z)eR'^x M'^. 



□ 

Define qi^k{t,x,z) = 3lii^22l_ n ig clear that \qi^k{i,x, z)\ < qi ).{t,x, z). Theorem 3.6 implies 
that when <t <ti, 

p{t, X, z) - qi^k{t, X, z) > p{t, x, z) - qi^kit, x, z) > ^p{t, x, z). 

We know j-^d Qi,k(t, x, z)g{z) m(dz) = Kxl'^giXt)], for any g measurable. Since 1 — ^ < e fc^, we 
have 

1 „ r,. At,. , 1 „ . 



I I k I 

Thus 



I -'-'r I I Or I 

( by Holder inequality ). 
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Therefore 



.l^r .^^^^T^ " (^^,[6"^* 1^, (X^)]) ' 



i.e. 



Z I -Dr I I -C'r I 

i.e. 



Let r J, 0, we have 
Therefore when < t < 



^p{t,x,z) < q{t,x,z). 



/ 1 \ d+a 

Mit'^llA- -\ <q(t,x,z). 

\ \x — z\ I 



2k 

Applying (iv) of Proposition 3.5, we have 

(l_ \ d+a 
lA|^^^j , V(t, y) G (0, oo) X M'^ X M"^, 

where C3 and C4 are positive constants. 
Next we estabhsh the upper bound. 

It is clear that for the positive constants L and K < 1 given in Remark 3.2 and Theorem 3.4, 
and M, C, which are the upper bounds for M{y) and \2C{x, y)\ respectively, there exists a constant 
C > 1 such that 

L^-^M^C < C-nlif", Vn > 1. 

- 2 ' - 

Suppose that 51 > is a measurable function and g < Cgmin(-^, 1), where Cg > 1 is a constant, 
then we have the following 

Proposition 3.7 There exists t2>0 such that when <t <t2, 

[ q^{t,x,z)g{z)m{dz) < CCgCtnlK'', Vn > 1. (3.5) 

Proof. When n = 1, 

qi{t,x,z)g{z)m{dz) 

[ [ [ p{s,x,w)m{dw) [ ^^^^Id+o^ W - y, z) m{dy)dsg{z) m{dz) 
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(by / p{t- s,y,z)g{z)m{dz) <Cg) 



< M'CCgCt < C^KCgCt < CCgCtK. 



Thus (3.5) holds forn = 1. 

Suppose it holds for n < m — 1, we show that it holds for n = m. 



/ qm{i^x,z)g{z)m{dz) 
= I yi^m / p{s,x,w)m{dw) r^q^_i{t- s,y,z)m{dy)dsg{z)m{dz) 



i=l 
m „t 



= yi^m I I p{s,x,w)m{dw) / ^ / q^_i{t- s,y,z)g{z)m{dz)m{dy)ds 

< E^-ZV P{s,x,w)m{dw) [ ^f-^^m{dy)dsCCgCt{m-iy.K^-' 

+ / / p{s,x,w)m{dw) I m{dy)dsCg 
Jo Jwd Jud |'u;-yr+° 

m— 1 



1=1 



ji—lj^rn—i 

= m! ^ ( ■^ )CtM CCCgCt + L'^'^M CCgQ. 

i=i 



Since Ct i as t i 0, 3t2 > such that when < t < ^2 

ji—lj^n—i 1 

E( n )Ct^ C- < -K", Vn > 2, 

1=1 

by the choice of (7, 

L"-1m^C < C^nlif", Vn > 1, 
- 2 ' - ' 

Thus 

/ q^{t,x,z)g{z)dz < ]-m\K'^CCgCt + \m\K'^CCgCt 
= CCgCtmlK"^, 
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i.e. the statement holds for n = m. 



□ 



For the L, K, C and D2 given above, it is clear that there exists C2 > 1 such that 



(l-^-2-|)<^+« 2 
We claim that 

Theorem 3.8 There exist > and C\>\ such that when <t <t3, 

(j_ \ d+a 
1 A 1^-3^ j , Vn > 0. (3.6) 

Proof. Since %(t, x, z) = p{t, x, z), there exist tis > and Ci > C2 such that when < t < tis 

(l_ \ d+a 

i.e. the statement holds for n = 0. Suppose it is true for n < m — 1. We show that it holds for 
n = m. We write q^it, x, z) into two terms 

Qm{t^x,z) = yZ^'rn / p{s, x,w)m{dw) / , r^q^_i{t - s,y, z) m{dy)ds 

^ Jo JRd jRd \w - 

+ yi<^™ / / P{s,x,w)m{dw) / -r- T^q^_i{t- s,y,z)m{dy)ds. 

First wc look at the first term. There are two cases: 
Case 1. When |x — z| <ta, 



y^C'm / / p{s,x,w)m{dw) I r^q^_i{t- s,y,z)m{dy)ds 

Jo Jm.'' JiRd — y\ 

< f^C'^l' [ Pis,x,w)midw) [ ^I^^^dydsV-mC^{m-i)\K-^-\\)-t 

^ Jo Jr" JR'i F - yr^ 2 

m , 



i=l 

™ Ti-l 



Ti-lTy-m—t o 1 J J 

E( f )M'c{^r-^c,c,t-i 



1=1 

Since there exists t2z > and t23 < ^13 such that when < t < t23, 

^ 2^-, Vn > 1, 

1=1 
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thus in case 1, when < t < t23, 



f;c;,/'/ pis,x,w)m{dw) [ ^'^:Zl qm-^{t - s,y,z)midy)ds < \Cim\K^H. 

Case 2. When \x - z\ > . Let Bi = {y e R'^\ |y - ^1 > - z\},B2 = {w e R'^\ \w - x\ > 
2''^x — z\} and = £ M'^xM'^l \y — z\ < -^{x — zl, \w — x\ < 2''^\x — z\}. On Bs, we have 

\w-y\> {l-^-2-h)\x-z\. 

y'C'm / / p{s,x,w)m{dw) / I r^q^_i{t- s,y,z)m{dy)ds 

^ yi^m / p{s,x,w)m{dw) j ^q^_i{t- s,y,z)lBi{y)m{dy)ds 

+ y2^'rn / p{s,x,w)m{dw) / T^q^_i{t - s,y, z)1b2{w) m{dy)ds 

+ / / P{s,x,w)m{dw) / I rj—q^_i{t-s,y,z)lBs{w,y)m{dy)ds 

fr^ Jo JRd JR-i F - yr+ 

< r / p{s,x,w)m{dw) [ i*^^^"^'^^ ML^~^gi(m-z)!K"^-'10'^+" , dyds 

+ f;^- /' f,^(dw)C,MV^^'-'''^-^-^ [ ^^^-q^_,{t-s,y,z)dydsV-' 
~[ Jo JRd \x — z\ JRd- \w — y\ ^ 

ij- f f 1 

+ ^^m- ] T-— <^ / / p{s,x,w)m{dw) Ta+^qm-iii- s,y,z) 

~( (1 - - 2-2)<^+« Jo JRd Jjs^d \x - z\'^+'^ 
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£^m t_ 

■m(dy)ds + . CD^- ^-j— 

^ (l__^_2-5)d+a ^\x-z\'i+<- 

m 

i=l ' ' 

m , 

+ V C^(5iM^C2i('^+'*) -^Ct{m - iy.K'^-'L'-'^ 

i=i k-^l 



( by symmetry of q^_i{t — s, y, z) and Theorem 3.4 ) 
m-i n — f 

( by symmetry of — s,y,z), Proposition 3.7 and / p{s,x,w)m{dw) < D2) 

jRd 

Tin t_ 

^ -CD'' 2 
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It is easy to see that there exists tss > and ^33 < min(to, ^2) such that when < t < tss, the first 
three terms in above inequality < jCimlK"^ |j._^*|d+a > for all m > 0. We can also have the fourth 
term in the above inequality < ^Cim\K"^ |^_^*|d+a > for all m > 0, by the choice of C2 and Ci > C2- 
Thus in case 2 when < i < ^33, 



\w - y\ 



lit - s,y,z)m(dy)ds 



2 ■ \x-z\'^+<^' 
Combining case 1 and case 2, when < t < min(t23, ^33), 



Yl^'rn j^f{s,x,w)m{dw) J^^ _ y^a+a '^rnS " s, V, z) m{dy)ds 



/ J. \ d+a 



< -CimlK'^r^ 1 A 



2 \ \x-z\l 

For the second term in the expression of ^^(i, x, z): 

CF\w,y) 

Letting t — s = s, the second term becomes 

t 



yZ^m / p{s,x,w)m{dw) I s,y,z)m{dy)ds. 



y^C'm / / p(i - s, x, u;)m(dw) / ^"^ ^^\d+a ^rn-i{s,y,z)m{dy)ds. 

Jo JR'^ Jr«' f ~ yi 



i=l 

There are two cases. 

Case a. When — z| < i«, 

m 



y^C'm / / p{t-s,x,w)m{dw) [ ^'\'^ll q^_i{s,y,z)m{dy)ds 

- IZ*^™ / / <5i(:5)""m(dif;) / 7- — ^^q^_i{s,y,z)m{dy)ds 
1=1 -^0 -^Kd ^ Jm'' F ~ 2/1 

< Y,Cl^Ci{-)-iD-m''c r q^_,i~s,y,z)i,idy)ds 

m 

i=l 

( by symmetry oiq^_i{s,y,z) and Theorem 3.4) 
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Since there exists t23 > and i23 < iiiin(io, ^13) such that when < t < ^23, 

" Ti—lr^n—i r, 1 j 1 

1=1 

we have in case a when < t < t23, 

y^C'm / / p{t-s,x,w)m{dw) / ^ ^q^_i{s,y,z)m{dy)ds 



I.e. 



y^C'm / / p(s,2:,u^)m(du;) / T^q^_i{t - s,y,z)m{dy)ds 



Case b. When |x - z| > t«. Let = {y G M'^] |y - ^| > jq\x - z\},B2 = {w £ \w - x\ > 
2~^\x — z\} and = {{w,y) G M"^ x W^l \y — z\ < — z|, — a;| < 2~^\x — z\}. On ^3, we have 
\w-y\>{l-^- 2-^)\x - z\. 

^C"™ j^f{t-s,x,w)m{dw) J^^ _ y^d+a ^rn-i{s, V, z) m{dy)ds 

^ ^^in / p{t- s,x,w)m{dw) — — -^q^_i{s,y,z)l^{y)m{dy)ds 

+ / P{t- s,x,w)m{dw) (u;)m(dy)ds 

Jo Jmd |u; - yr+" ^ 



i=l 



+ yi,^m i / p{t-s,x,w)m{dw) T^q^_i{s,y,z)l^ {w,y)m{dy)ds 

+ T~ — C / / p{t-s,x,w)m{dw) I \a+a ^rn-iis,y,z) 
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■m(dv)ds H CDr,- -3- — 



X — z\ 
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( by symmetry of qm-i{^,y, z) and Theorem 3.4 ) 

m-l _ 

+ y Ci, CD- cCgCtim - iy.K""-' 

( by symmetry of y, z), Proposition 3.7 and / p(t — s,x,w)m{dw) < D2) 



CD^ 2 



It is easy to see that there exists tas > and tss < min(to,t2) such that when < t < ^33, the 
first three terms in above inequaUty < \Cim\K^ \x_l\d+a ; for any m > 0. We can also have the 
fourth term in the above inequahty < ^Cim\K^ \x-z\'^+" ' m > 0, by the choice of C2 and 

Ci > C2- Thus in case b when < i < ^33, 



y^C'm / / p(t-s,x,u;)m(dw;) / ^ r^q^_i{s,y, z) m{dy)ds 



2 ■ |x-z|<^+°' 



I.e. 



^ / j^^ ^' _ y\^d+a ^rnS " ^) m{dy)ds 



2 ■ 

Combining case a and case b, when <t < min(i23, i33), 



Yl^"^Jt j^f{s,x,w)m{dw) J^^j:^^^^^^:^^Qm-i{t- s,y,z)m{dy)ds 



/ 1 \ d+a 



< -CimlK'^t-^ 1 A 



2 I \x-z\l 

Therefore when < t < ^3 = min(i23, ^33, ^23, ^33), 

q^{t, X, z) < CimlK'^t-i ( 1 A 



1 \ d+a 



\x — z\ 
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i.e. the statement holds for n = m. □ 
By Theorem 3.8, we have for < t < ts, 

n=0 n=0 \ ' '/ V ' '/ 

Since \qnit,x,z)\<q^{t,x,z) and q{t,x, z) = Zn=oi-^T'-''^^ 

/ 1 \ d+a 

qit,x,z)<Ci- -t ^ lA 



1 — I \x — z\ I 

Applying (ii) of Proposition 3.5, we have 

(j_ \ d+a 
lA|^-^j , V(t, X, y) G (0, oo) X M*^ X R'', 

where C5 and Ce are positive constants. Thus we have established the lower and upper estimates 
of q{t,x,y) as follows. 

Theorem 3.9 There exist positive constants C^,Ci,C^ and Cq such that 

(i_ \ d+a / j_ \ d+a 

lA^^^j < q{t, X, z) < Cse^g*^-^ f 1 A j (3.7) 

for all {t, X, z) G (0, 00) xW^x M'^. 

Prom Theorem 3.9 and (ii) of Proposition 3.5, it is easy to obtain the following property for 
q{t,x,z), 

Proposition 3.10 q{t,x,z) is joint continuous on (0, 00) x R*^ x R*^. 
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